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1.3 Math 1. Hilbert spaces

In this section I want to recall ideas and definitions that the reader should already
know, and introduce her/him to infinite-dimensional spaces.

1.3.1 Convergence inR

Start with the set of real numbersR. A sequencern converges tor if given � > 0

there exists an integern� such that ifn > n� thenjr �rnj < �. Since thetriangular
inequalityholds inR,

jx � yj � jx � zj C jz � yj; (1.8)

then if the sequencern converges tor andr 0, thenr D r 0 (prove, very easy).

1.3.2 The Cauchy condition is necessary

A sequence fulfills theCauchy conditionif given � > 0 there existsn� such that if
n; m > n� thenjrn � rmj < �. Convergent sequences fulfill the Cauchy condition.
Easy to prove using (1.8). Thus convergence to a limit implies a condition on the
sequencern in which the limit is not mentioned: If the sequence approachesr then
the terms of the sequence must become very close to one another.

1.3.3 The Cauchy condition is not sufficient inQ

The necessity of the Cauchy condition holds also if instead of the setR we take
the set of rational numbersQ. Obvious. However, there exist sequences inQ that
fulfill the Cauchy condition but do not converge inQ. Take the sequencer1 D 1,

rn D

(
rn�1 if Œrn�1 C 2�.n�1/�2 > 2

rn�1 C 2�.n�1/ otherwise.

Show that this sequence fulfills the Cauchy condition (we say “the sequence is
Cauchy” or “is a Cauchy sequence”) and that it does not converge inQ (Q does
not contain a square root of 2).

1.3.4 Completeness ofR

However, Cauchy sequences of real numbers do converge inR. The proof of this
theorem can be found in innumerable textbooks of Analysis. You start withQ,
defineR as the set of Dedekind cuts inQ, and prove the result, that is, that filling
the gaps in the set of rational numbers has produced another set, the real numbers,
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in which there are no gaps. The theorem is equivalent to the statement that any
bounded subset ofR has a least upper bound.

1.3.5 Norms and distances inRn

Now consider the vector spaceRn. We can define a length ornorm in Rn as
follows. Givenv D .v1; v2; : : : ; vn/,

jvj D

vuut
nX

kD1

v2
k
;

and a distance d.v; w/ D jv � wj: These norm and distance are called Euclidean.
Other definitions of distance are associated with the norms

jvj1 D
nX

kD1

jvk j; jvj2 D max
k

jvk j:

Note that the three norms coincide forn D 1. The distanced and the distances
corresponding to the other two norms fulfill the four axioms of ametric space:
(D1) The distance ofv from v is zero.
(D2) If v andw are different then their distance is positive.
(D3) The distance is symmetric.
(D4) The triangular inequality holds: d.v; w/ � d.v;z/C d.z;w/.
The proof of (D4) is very easy for the second and third distances. The proof for the
Euclidean distance is given below.

Given a norm we define convergence:vn ! v if d.v; vn/ ! 0. Although
the above three norms define different distances they are equivalent in the follow-
ing sense: Sequences which are converging with any one of the three distances
converge with the other two. The triangular inequality ensures that if a sequence
converges tov andv0 thenv D v0.

Observation 1.2 I use boldface characters for vectors only when I cannot avoid
them. Here, as well as in Section 1.3.8, they are necessary to distinguish the coor-
dinatesvk of the vectorv from the vectors of the sequencevk , k 2 N: However, in
Section 1.3.10, whose subject is general Hilbert spaces, I use regular characters.

1.3.6 Completeness ofRn

Let us stick to the Euclidean norm. Note that ifvn 2 Rn, vn ! v if and only
if each of the coordinates ofvn converges to the corresponding coordinate ofv.
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Analogously, the sequencevn is Cauchy if and only if all the coordinate sequences
are Cauchy. Thus completeness ofRn, with the Euclidean norm, is an elementary
consequence of the completeness ofR.

The reason why completeness is important is that in many a situation we can
prove that a sequence is Cauchy but are not able to construct the limit. Complete-
ness then ensures that a limit exists.

1.3.7 Inner product inRn

In the spaceRn we define theinner productas follows:

v � w D
nX

kD1

vkwk : (1.9)

The following properties hold:
(P1)v � v � 0: Moreover,v � v D 0 if and only if v D 0.
(P2)v � w D w � v.
(P3).˛v/ � w D ˛.v � w/:

(P4).v C w/ � z D v � z C w � z:

The inner product and the Euclidean norm are linked byjvj2 D v � v. We have,
using (P4),

jv C wj2 D jvj2 C jwj2 C 2v � w:

Thus if v � w D 0,
jv C wj2 D jvj2 C jwj2:

This equality looks like the Pitagorean Theorem: If we defineorthogonalitybe-
tweenv andw by v � w D 0, then the diagonal of the rectangle constructed onv
andw has square length equal the sum of the square lengths ofv andw.

To test whether the above definition of orthogonality corresponds to our ele-
mentary notion, let us consider the following problem. Given the vectors

v; v1; v2; : : : ; vs ;

find the vectorw which (i) is a linear combination of the vectorsvj , and (ii) has
minimum distance fromv. This is equivalent to findings real numbersaj such that

ˇ̌
ˇ̌
ˇ̌v �

sX

jD1

aj vj

ˇ̌
ˇ̌
ˇ̌

2

D jvj2 �
sX

jD1

.v � vj /aj C
sX

jD1

sX

kD1

.vj � vk/aj ak

is minimum. Of course we can assume that the vectorsvj form an independent
s-tuple.
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Note that we are minimizing the sum of the squares of the coordinates of the
vectorv �

P
aj vj ; this is why the procedure ending up with the solution is called

least squares. Taking the derivatives with respect toaj ,

sX

kD1

.vj � vk/ak D v � vj ; (1.10)

for j D 1; : : : ; s. In matrix form,

C a D b;

whereC hasvj � vk as its.j ; k/ entry,a andb are the vectors with componentsaj

andv � vj respectively.
Now define theorthogonal projectionof v on the subspace spanned byv1; v2;

: : : ; vs, as a vectorw D a1v1 C � � �C asvs, such thatv � w is orthogonal to all the
vectorsvj . The orthogonality conditions are

.v � w/ � vj D Œv � .a1v1 C a2v2 C � � � C asvs/� � vj D 0;

for j D 1; : : : ; s. It is easily seen that this system of equations is (1.10) rewritten
in a slightly different way.

Thus the orthogonal projection coincides with the minimum distance vector,
which corresponds to geometric intuitionbased on two or three dimensional spaces.

Observation 1.3 Orthogonal projections and least squares occur all the time in
linear regressions. Over the sample period1; 2; : : : ; T , the samples

y D .y1; y2; : : : ; yT /

xj D .xj1; xj ;2; : : : ; xjT /; for j D 1; 2; : : : ; m,

are given, and we seek coefficientsa0; a1; : : : ; am, such that

jy � .a0 C a1x1 C � � � C amxm/j2 D
TX

tD1

Œyt � .a0 C a1x1t C � � � C amxmt/�
2;

which is the square norm of a vector ofRT , is minimum. This is equivalent to
seeking the coefficientsaj such thaty � .a0 C a1x1 C � � � C amxm/ is orthogonal
to xj for j D 1; 2; : : : ; m, and to the vector.1; 1; : : : ; 1/. See, for example, [6,
pp. 60-62].
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Using the orthogonal projection we can prove the Cauchy-Schwartz inequality:

jx � yj � jxj jyj: (1.11)

Firstly note that ify D 0 then, by property (P3) of the inner product,x � y D
x � .0y/ D 0 .x � y/ D 0, so that the inequality holds. Assume thaty ¤ 0 and
consider the orthogonal projection ofx on y:

x D
x � y
y � y

y C R (1.12)

(check this). SinceR ? y,

jxj2 D
.x � y/2

.y � y/2
jyj2 C jRj2 D

.x � y/2

jyj2
C jRj2:

This implies

x � x �
.x � y/2

y � y
:

The conclusion follows. The reader may think that this proof may be given in a
simpler way under definition (1.9) of the inner product. For example, resorting to
property (P3) to prove thatx � 0 D 0 is a little funny. However, the proof given here
is valid in general, i.e. for any space and any definition of inner product, provided
it fulfills properties (P1), (P2), (P3) and (P4).

An easy consequence of the Cauchy-Schwartz inequality is the triangular in-
equality:

jx � yj2 D jx � zj2 C jz � yj2 C 2.x � z/ � .z � y/

� jx � zj2 C jz � yj2 C 2jx � zj jz � yj D .jx � zj C jz � yj/2 :

The conclusion follows.
Taking the inner product of both sides of (1.12) byy we obtain

x � y D
�

x � y
y � y

y
�

� y;

so that the inner product ofx andy is equal to the product ofy and the projection
of x on y. Lastly, by (1.11),

�1 <
x � y

jxj jyj
� 1:

Thus, defining the angle betweenx andy as

�x;y D arccos

�
x � y

jxj jyj

�
; 0 � �x;y � �;
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we havex � y D jxj jyj cos�x;y, which is the elementary definition of inner product
in R2 or R3. We can immediately check that orthogonality ofx andy corresponds
to �x;y D �=2, and that ifx D ˛y then�x;y is equal to 0 or� , according to the sign
of ˛.

1.3.8 The infinite-dimensional spacel2.�1; 1/

All this is very familiar, or should be. Now let us try to generalize what we have
just recalled to an infinite-dimensional vector space. Consider the set of all the
bilateral sequencesfrk ; k 2 Zg, whererk is a real number, such that

1X

kD�1
r2

t < 1:

The set of all these square summable sequences is denoted byl2.�1; 1/. The
sum of two vectorsv andw being defined coordinatewise, we must check thatvCw
still belongs tol2.�1; 1/. For, given a sequencev and a positive integers, define
vŒs� as thes-truncation ofv, i.e.

vŒs�

k
D

(
vk if jkj � s

0 if jkj > s.

Settingx D v C w, using (1.11)

jxŒs�j2 D jvŒs�j2 C jwŒs�j2 C 2vŒs� � wŒs� � jvŒs�j2 C jwŒs�j2 C 2jvŒs�j jwŒs�j

(we have applied the Cauchy-Schwartz inequality tovŒs� � wŒs�). By assumption
jvŒs�j and jwŒs�j converge to finite limits, so that the left hand side converges to a
finite limit. Thus l2.�1; 1/ is a vector space.

Exercise 1.5 Prove that the sequencerk D ˛jkj; with j˛j < 1, belongs to the space
l2.�1; 1/. Prove also that if there existA > 0 and˛, with 0 � ˛ < 1, such that
jrk j � A˛jkj, then the sequencerk belongs tol2.�1; 1/.

Observation 1.4 The definition ofl2.�1; 1/ requires that the sum of the squares
converges, not that

P
rk or

P
jrk j converges. You should remember that the series

1 C
1

2
C

1

3
C � � �

diverges, but that

1 C
1

22
C

1

32
C � � �

converges. Thus the sequencerk D
1

jkj C 1
belongs tol2.�1; 1/.
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Obviouslyl2.�1; 1/ has no finite dimension, i.e. no finite number of vectors
can generate the whole space by linear combinations. For, observe that the set
of vectorsv such thatvk D 0 for k > n is a copy ofRn, so that ann-tuple of
independent vectors exists inl2.�1; 1/ for all n. We can define an inner product
as

v � w D
1X

kD�1
vkwk D lim

s!1
vŒs� � wŒs� (1.13)

(convergence of the right hand side is, again, a consequence of the Cauchy-Schwartz
inequality applied tovŒs� � wŒs�). The corresponding norm and distance are defined
as

kvk2 D
1X

kD�1
v2

k ; kv � wk2 D
1X

kD�1
.vk � wk/2:

Now observe that we can reproduce almost all the constructions and statements
of Section (1.3.7), namely:
(I) The definition of orthogonality. The construction of the vector of the subspace
generated by afinite number of vectorsv1; v2; : : : ; vs , which has minimum
distance from a given vectorv.
(II) The orthogonal projection ofv on the subspace generated byv1; v2; : : : ; vs.
The proof that the minimum distance vector and the orthogonalprojection coincide.
(III) The Cauchy-Schwartz and the triangular inequality.
(IV) The triangular inequality implies the uniqueness of the limit of a convergent
sequence (see Section 1.3.5) and the necessity of the Cauchy condition (see Section
1.3.2).
For, note that (I), (II) and (III) depend only on the properties (P1), (P2), (P3) and
(P4) of the inner product (see Section 1.3.7), and that such properties hold for the
inner product (1.13).

Moreover, it is clear that if the sequencevn converges tov then all coordinate
sequences ofvn converge to the corresponding coordinates ofv; and that ifvn is
Cauchy then all its coordinates are Cauchy. However, the converse is not true.

Example 1.10 Let vn D fvnk ; k 2 Zg, where

vnk D

(
˛n if jkj � n

0 if jkj > n.

Suppose that̨n ! 0, then all coordinates tend to zero asn ! 1. However,

kvnk2 D .2n C 1/˛2
n;
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which does not converge to zero if for example˛n D 1=
p

n. Thus the simple rule
stated in Section 1.3.6, that convergence inRn is nothing else than coordinatewise
convergence, does not extend to the infinite-dimensional spacel2.�1; 1/.

An immediate consequence of this example is that completeness ofl2.�1; 1/

cannot be obtained in a simple way from completeness ofR. So we need a proof
that if vn is a Cauchy sequence inl2.�1; 1/, there existsv 2 l2.�1; 1/ such
thatvn ! v, i.e.

lim
n!1

1X

kD�1
.vk � vnk/2 D 0:

Givenx 2 l2.�1; 1/, setx.s/ D x � xŒs�, the tail ofx. Note thatx.s/ ? xŒs�. The
proof of completeness ofl2.�1; 1/ that follows—a very interesting exercise—
is based on the idea that tails are small whens is large, and that the tails of the
elements of a Cauchy sequence are uniformly small.
Step 1. Sincevn is Cauchy then each coordinate sequence is Cauchy and therefore
converges. Let

vk D lim
n!1

vnk ;

for k 2 Z. We must prove thatv D fvk ; k 2 Zg is a member ofl2.�1; 1/ and
thatvn ! v.
Step 2. The sequencevn is bounded. For, using the triangular inequality,

kvnk � kvn � vmk C kvmk:

Given� > 0, for all n > n� and a fixedm > n� ,

kvnk � � C kvmk:

Thusvn is bounded by the greater between maxnD1;:::;n�
kvnk and� C kvmk:

Step 3. Of coursev belongs tol2.�1; 1/ if and only if vŒs� is bounded; in that
casekvk2 D limn!1 kvŒs�k2. Suppose thatvŒs� is not bounded. Given� > 0 and
s, there existsn�;s such that forn > n�;s,

kvŒs� � vŒs�
n k < �:

On the other hand,
kvŒs�k � kvŒs�

n k C kvŒs� � vŒs�
n k;

so that
kvŒs�

n k � kvŒs�k � �:
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But then there exists a sequencevŒs�
ns

, with lims!1 ns D 1, such thatkvŒs�
ns

k >

kvŒs�k � �, so thatkvŒs�
ns

k ! 1 and thereforekvns
k ! 1, contrary to the result of

Step 2. Thus we only have to prove thatvn ! v.
Step 4. (The tails of the vectorsvn are uniformly small.) Given�, there existm.�/

ands.�/ (a slight change of notation is useful here) such that forn > m.�/ and
s > s.�/, kv.s/

n k < �. For, letm.�/ be such that forn; m > m.�/,

kvn � vmk2 D kvŒs�
n � vŒs�

m k2 C kv.s/
n � v.s/

m k2 < �2=4;

so that
kv.s/

n � v.s/
m k2 < �2=4:

Now pick up anyh > m.�/ and lets.�/ be such that, fors > s.�/, kv.s/

h
k < �=2.

Then, forn > m.�/ ands > s.�/,

kv.s/
n k � kv.s/

h
k C kv.s/

n � v.s/

h
k < �=2 C �=2 D �:

Step 5. Given� > 0 and s there existM.�; s/ such that ifn > M.�; s/ then
kv.s/k <

p
�=5 andkvŒs� � vŒs�

n k2 < �=5. Given�, set

N.�/ D maxŒm.
p

�=5/; M.�; s.
p

�=5//�:

Now taken > N.�/. The following inequality

kv � vnk2 D kvŒs� � vŒs�
n k2 C kv.s/ � v.s/

n k2

� kvŒs� � vŒs�
n k2 C kv.s/k2 C kv.s/

n k2 C 2kv.s/k kv.s/
n k

holds for anys, and therefore fors > s.
p

�=5/. Thus, forn > N.�/ we have
kv � vnk2 < �:

Observation 1.5 Note that Step 2 is a general Lemma: A Cauchy sequence in a
metric space is bounded, irrespective of whether the space is complete or not.

Observation 1.6 Obviously all the definitions and results of this sections apply to
the space of “one-sided” sequencesl2.1; 1/.

1.3.9 The spaceL2

Consider a measure space.˝;F ; m/, i.e a set, a� -field and a measure. We denote
by L2.˝;F ; m/ the set of all the functionsf W ˝ ! R that are measurable with
respect toF and such that

Z

˝

f .!/2dm.!/ < 1:
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Definition 1.4 When˝ D Œa b� � R,F is the Borel� -field andm is the Lebesgue
measure,m.Œc d �/ D d � c, we writeL2.Œa b�/.

Exercise 1.6 Let ˝ D Œ0 1�. Consider the functionsg˛.r/ D r�˛ and give the
condition on˛ ensuring thatg˛ belongs toL2.Œ0 1�/.

Exercise 1.7 The setL1.˝;F ; m/ is defined as the set of all functionsf such
that Z

˝

jf .!/jdm.!/ < 1:

If m.˝/ < 1 then L1.˝;F ; m/ � L2.˝;F ; m/ (see Exercise 1.3). Find an
example in whichm.˝/ D 1 and this inclusion does not hold.

We have to show that iff andg belong toL2.˝;F ; m/, thenf C g belong
to L2.˝;F ; m/ as well. We can use the following inequality:

ja C bjp � 2p.jajp C jbjp/;

holding for any complex numbersa and b and any real numberp � 0. For,
assuming thatjbj � jaj,

ja C bjp � .jaj C jbj/p � 2p

�
jaj C jbj

2

�p

� 2pjbjp � 2p.jajp C jbjp/:

If p > 1 thenŒ.a C b/=2�p � .ap C bp/=2, so thatja C bjp � 2p�1.jajp C jbjp/:

Thus.f .!/ C g.!//2 � 2.f .!/2 C g.!/2/, which implies the result we need.
Now note thatfg D .f C g/2 � f 2 � g2, so that the integral offg is finite,

and define the inner product as

f � g D
Z

˝

f .!/g.!/dm.!/; (1.14)

the corresponding norm and distance being respectively

kf k D

sZ

˝

f .!/2dm.!/; kf � gk D

sZ

˝

.f .!/ � g.!//2dm.!/

Convergence with respect to the normk � k is calledmean-squareconvergence.

Observation 1.7 When .˝;F ; P/ is a probability space,xn converges tox in
mean square if and only if both the variance and the mean ofx � xn converge to
zero. For, observe that var.x � xn/ C ŒE.x � xn/�2 D kx � xnk2.
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Observation 1.8 Definitions 1.9 and 1.13 are particular cases of 1.14. For 1.9,
set˝ D f1; 2; : : : ; ng, m.fkg/ D 1, for k D 1; : : : ; n, and note that the vector
.x1; x2; : : : ; xn/ is nothing other than the function that mapsk to xk . Specify˝

andm for 1.13.

Properties (P2), P3) and (P4) of Section 1.3.7 hold for the inner product (1.14).
Property (P1) also holds, provided that we identify functions that differ only on a
zero measure subset of̋, i.e. functions that are equalalmost everywhere(almost
surely, that is with probability one, whenm is a probability measure). We will use
sometimes the abbreviations “a.e” and “a.s”. Having this identification in mind we
will use expressions like “f D 0”, with the meaning “f .!/D 0 almost every-
where in˝”. Note that the distance betweenf andg, that iskf � gk, is zero if
and only iff .!/ D g.!/ almost everywhere in̋ .

Observation 1.9 A standard result in Lebesgue-integral theory is that anon-nega-
tive function g is zero almost everywhere in̋ if and only if

R
˝ g.!/dm.!/ D

0 (see [9], p. 104, Theorem B; [15], p. 332, Exercise 1). This motivates the
statements just above. For,

f � f D
Z

˝

jf .!/j2dm.!/:

Thusf � f D 0 if and only if f D 0 almost everywhere in̋ .

Just as in Section 1.3.7, we obtain the orthogonal projection off on the sub-
space spanned byf1; f2; : : : ; fs, the Cauchy-Schwartz inequality, the triangu-
lar inequality, uniqueness of the limit of convergent sequences, necessity of the
Cauchy condition.

Exercise 1.8 TheL2 spaces are typically infinite dimensional. ConsiderL2.Œ0 1�/.
Recall that theindicator functionof a setA, denoted by�A, is the function whose

value is 1 onA and 0 elsewhere. LetBn;k D
�

k � 1

n

k

n

�
, k D 1; : : : ; n. Prove

that then functions
�B1;n

; �B2;n
; : : : ; �Bn;n

are independent. Thus there aren independent functions for anyn.

The proof thatL2.˝;F ; m/ is complete, though not difficult, would require
the introduction of intermediate results that are outside the scope of these lectures,
so I will skip it. However, let me remark an important difference with respect to the
proof of completeness forl2.�1; 1/. Mean-square convergence offn to f does
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not imply convergence offn.!/ to f .!/ for all ! 2 ˝, or convergence for! a.e.
in ˝. It does not even imply convergence for at least one! 2 ˝. The following
exercise provides a famous example.

Exercise 1.9 Consider the space of Exercise 1.8 and define the sequencefn as
follows. Let

A1 D Œ0 1
2
�; A2 D .1

2
1�;

A3 D Œ0 1
4
�; A4 D .1

4
1
2
�; A5 D .1

2
3
4
�; A6 D .3

4
1�

A7 D Œ0 1
8
�; A8 D .1

8
1
4
�; etc:

and letfk D �Ak
. Prove thatfk converges in mean square to 0, but thatfk.r/

does not converge for anyr 2 Œ0 1�. However, prove that you can find a subse-
quence offk which converges a.e. to 0 inŒ0 1� (you find a hint for a solution to
this problem in Exercise 1.10).

This has the consequence thatfn.!/ does not inherit the Cauchy property from
fn, so that the line of reasoning applied to prove the completeness ofl2.�1; 1/,
firstly constructing the limit by exploiting coordinatewise convergence, then prov-
ing convergence in the norm ofl2.�1; 1/, cannot be pursued here. What can be
proved is that under the Cauchy condition there exists a subsequence converging
a.e. in˝ and that the limit is a functionf belonging toL2.˝;F ; P/. Then mean-
square convergence offn to f must be demonstrated. Proofs of completeness for
L2.˝;F ; m/ can be found in [6, pp. 68-69], [3, pp. 297-298], [13, pp. 123-126].

Exercise 1.10Consider the sequence of functions in Exercise 1.9. Construct a
subsequence by selecting one function in each row and prove that it converges
almost everywhere.

Observation 1.10 In Exercise 1.1 we claim that the series
Pk

jD1 ˛j Zt�j con-
verges surely and in mean square. Both statements can be proved directly in that
particular case. More precisely, we firstly prove that the partial sums converge
surely and callY �

t the limit. Then








Y �

t �
kX

jD1

˛j Zt�j









2

D









1X

jDkC1

˛jZt�j









2

D �2
Z

X

jDkC1

˛2j D �2
Z

˛2.kC1/

1 � ˛2
;

so that the partial sum converges toY �
t in mean square. Note that, by virtue of

the completeness theorem forL2 spaces, convergence in mean square can also be
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obtained as a consequence of the Cauchy condition holding for the partial sums
sequence (we have proved this on p. 5). This however, firstly, would only provide
existence of the limit, not its construction, and, secondly would not imply that the
partial sums converge surely to the mean square limit.

Observation 1.11 Completeness ofl2.�1; 1/, directly proved in Section 1.3.8,
is also a consequence of the general theorem stating completeness ofL2.˝;F ; m/,
see Observation 1.8.

1.3.10 Hilbert spaces and the projection theorem

Now we take an axiomatic approach. Suppose thatH is a vector space with an
inner product fulfilling properties (P1), (P2), (P3) and (P4), Section 1.3.7. Define
the norm askvk D

p
v � v, the distance askv � wk. Orthogonal projection on

finite-dimensional subspaces, Cauchy-Schwartz inequality, triangular inequality,
necessity of the Cauchy condition, are all obtained as in Section 1.3.7.

If H is complete, i.e. if the Cauchy condition is also sufficient for convergence
we say thatH is aHilbert space.

Example 1.11 The spacesRn, L2.˝;F ; P/, l2.�1; 1/, with their respective
inner product, are Hilbert spaces.

Exercise 1.11 Consider the subspacè2 � l2.�1; 1/ whose elements are all
the sequencesv such thatv.n/ D 0 for somen. This is obviously an infinite-
dimensional vector space. Prove that it is not complete and therefore is not a Hilbert
space.

Exercise 1.12 Consider the subspaceC � L2.Œ0 1�/ whose elements are all con-
tinuous functions. This is obviously an infinite-dimensional vector space. Prove
that it is not complete and therefore is not a Hilbert space.

Exercise 1.13 Let H be a Hilbert space and letS be avector subspaceof H , that
is a subset such that ifv andw are inH , then˛v C ˇw is in H . ObviouslyS

is a vector space with an inner product, so that we may ask the question whether
it is a Hilbert space or not. The answer is thatS is a Hilbert space if and only
if it is a closed subsetof H (i.e. if xn 2 S andxn ! x implies x 2 S ). For
example,`2, Exercise 1.11, andC , Exercise 1.12, as subspaces ofl2.�1; 1/

andL2.Œ0 1� respectively, are not closed. The subset ofL2.Œ0 1�/ containing all
the functions whose value is zero inŒ1

2
1�, call it A, is closed. The subset of

l2.�1; 1/ containing all sequencesfrk ; k 2 Zg/ such thatrk D 0 for k odd,
call it B, is closed.
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Now let H be a Hilbert space,S a closed subspace ofH , andv any vector of
H . As we have argued above, if

S D fy; y D a1v1 C a2v2 C � � � C ahvh; aj 2 Rg;

i.e. if S is a finite-dimensional subspace, then we know how to obtain the orthogo-
nal projection ofx onS , and that such projection is the vector ofS that minimizes
the distance fromx. For, we just have to solve the system of equations (1.10),
which is reproduced here:

sX

kD1

.vj � vk/ak D v � vj :

Now we want to extend the construction of the orthogonal projection to the case
in which S is infinite-dimensional. We will make use of the following general
statement.

Proposition 1.1 The inner product and the norm are continuous, i.e. ifvn ! v

andwn ! w thenwn � vn ! w � v. In particularkvnk ! kvk.

PROOF. By the Cauchy-Schwartz inequality

jwn �vn�w �vj � jwn �vn�wn �vjCjwn �v�w �vj � kwnk kvn�vkCkvkkwn�wk:

Sincewn is bounded (see Observation 1.5), the left hand side tends to zero.

Proposition 1.2 (Existence and uniqueness of the orthogonal projection) LetH

be a Hilbert space,S a closed subspace ofH andv 2 H .
(a) There exists an orthogonal projection ofv on S , i.e. a vectorw such that
(1) w 2 S and (2)v �w ? S (v �w is orthogonal to all vectors ofS ). If w0 fulfills
(1) and (2) thenw0 D w (the orthogonal projection is unique). The orthogonal
projection ofv on S is denoted by Proj.vjS/.
(b) The square distancejv � Proj.vjS/j2 minimizes the functionjv � yj2, for y 2
S . Conversely, ifz minimizesjv � yj2 for y 2 S , thenz D Proj.vjS/.

PROOF. We proceeds by steps.
Step 1. Ifw andw0 are orthogonal projections ofv on S , thenw D w0. For, we
havev D w C R andv D w0 C R0, with R ? S andR0 ? S . We have

.w � w0/ C .R � R0/:
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On the other hand,w � w0 2 S , while .R � R0/ ? S (prove), so that.R � R0/ ?
.w � w0/. Therefore

kw � w0k2 C kR � R0k2 D 0;

so thatw D w0. Note that we have not yet proved that the orthogonal projection
exists.
Step 2. Ifw is an orthogonal projection ofv on S , then

kv � wk2 D min
y2S

kv � yk2 (1.15)

and, conversely, ifw fulfills (1.15) then it is an orthogonal projection ofv on S .
Suppose thatw is an orthogonal projection ofv on S . For anyy 2 S we have
w � y 2 S and therefore.w � y/ ? .v � w/, so that

kv � yk2 D kv � wk2 C kw � yk2:

Thuskv � yk2 � kv � wk2. Conversely, letw fulfill (1.15). For y 2 S , project
v � w on y (this is a one-dimensional projection):

v � w D ˛y C �; ˛ D
.v � w/ � y

y � y
:

If ˛ ¤ 0 thenk�k2 < kv � wk2, so thatkv � w � ˛yk2 < kv � wk2, while
w C ˛y 2 S . Thus˛ D 0 for anyy 2 S , that is.v � w/ � y D 0.
Step 3. Step 1 and 2 are valid irrespective of whetherS is closed or not. We have
not proved that an orthogonal projection exists but only thatif it exists then it is
unique and solves (1.15). Now, under the assumption thatS is closed we prove
existence. Let

b D inf
y2S

kv � yk2:

Note that such greatest lower bound exists and is finite irrespective of whetherS

is closed or not (finiteness is a consequence ofkv � yk2 � 0 for all y). For any
n 2 N, there existsyn 2 S such thatb � kv � ynk2 < b C 1=n. Now consider
the projection

v D ˛.yn � ym/ C �nm D Ynm C �nm:

We have:
kyn � ymk � kyn � Ynmk C kym � Ynmk: (1.16)

On the other hand,

kyn � Ynmk2 C kv � Ynmk2 D kv � ynk2:



28 CHAPTER 1. DEFINITIONS

SinceYnm 2 S , this implies that

kyn � Ynmk2 � �b C kv � ynk2:

Using this inequality, the analogous forkym � Ynmk2, and (1.16), we obtain that
given�, there existsn� > 0 such that forn; m > n�, kyn � ymk2 < �; that is the
sequenceyn is Cauchy.
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FIGURE 1.1

Figure 1.1 illustrates what we have just proved, the only finesse of the demonstra-
tion. The length of both sidesv yn andv ym become almost equal tob asn andm

become large. On the other hand the length ofv Ynm cannot become smaller that
b, becauseYnm 2 S . Thusyn andym must approach one another.

Sinceyn is Cauchy there existsw such thatyn ! w. SinceS is closed,w 2 S .
Moreover, the definition ofyn and continuity of the norm implies thatkv�wk D b.
Thuskv � yk reaches a minimum wheny D w. By the result of Step 2,w is the
orthogonal projection and the proof is complete.

Observation 1.12 If v 2 S thenb D 0 andv D Proj.vjS/.

Exercise 1.14 Consider the subspacesA � L2.Œ0 1�/ andB � l2.�1; 1/, de-
fined in Exercise 1.13. Both are closed. Givenf 2 L2.Œ0 1�/ anda 2 l2.�1; 1/,
determine their projections onA andB respectively.

Exercise 1.15 Consider the subspace`2 2 l2.�1; 1/ defined in Exercise 1.11.
Let a 2 l2.�1; 1/. Show that

inf
y2`2

ka � yk2 D 0;

and that the projection ofa on `2 does not exist unlessa 2 `2.

Very oftenS will be the minimum closed subspace containing a sequence of
vectorsfvj ; j 2 Ng, or fvj ; j 2 Zg.
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Definition 1.5 Given the subsetG � H , the closed span ofG, denoted by
sp.G/, is the intersection of all closed subspaces ofH containingG (prove that
such intersection is itself a closed subspace). WhenS D sp.G/ we say thatS
is generatedby G.The closed span can also be obtained “from inside” by taking,
firstly, all linear combinations of elements ofG, call it sp.G/, and then all the
limits of convergent sequences of elements of sp.G/. Show that sp.`2/ D `2 and
sp.`2/ D l2.�1; 1/; where`2 is defined in Exercise 1.11.

Observation 1.13 If the subsetG is finite then obviously sp.G/ D sp.G/.

Exercise 1.16Prove the assertion in Definition 1.5, that adding to sp.G/ the limits
of convergent sequences in sp.G/, call sp.G/ the resulting set, one hassp.G/ D
sp.G/. What must be proved is thatsp.G/ is closed, i.e. that iffgk ; k 2 Ng is a
converging sequence of elements insp.G/, then the limit belongs tosp.G/. Hint:
by definition, the elementsgk can be approximated by elements of sp.G/.

Proposition 1.3 Now let S D sp.vj ; j 2 N/. Then

Proj.vjS/ D lim
n!1

Proj.vjv1; v2; : : : ; vn/: (1.17)

A proof of Proposition 1.3 is fairly obvious. The reader can find it by proving
that the distance betweenv and the partial projection tends to the distance between
v andS . The proof that the partial projections are a Cauchy sequence goes exactly
as in the proof of Proposition 1.2, Step 3.

Note that in general

Proj.vjv1; v2; : : : ; vn/ D an1v1 C an2v2 C � � � C annvn;

with the coefficients depending onn (if we add a “regressor” the coefficients of the
“previous regressors” change). However, if the vectorsvj aremutually orthogonal,
i.e. if vi � vj D 0 for i ¤ j , thenans D v � vs

vs � vs
, and is therefore independent of

n (this is very easy to prove, and is formally identical to the statement that if the
regressors are orthogonal, so that the variance-covariance matrix is diagonal, then
the coefficients of the regression can be computed one at a time). Thus, ifvi ? vj ,
for i ¤ j , then

Proj.vjS/ D lim
n!1

nX

jD1

aj vj D
1X

jD1

aj vj D
1X

jD1

v � vj

vj � vj
vj : (1.18)

If the sequence of thev’s is bilateral, i.e.vj ; j 2 Z (but this is only a matter of
representation), then

Proj.vjS/ D lim
n!1

nX

jD�n

aj vj D
1X

jD�1
aj vj D

1X

jD�1

v � vj

vj � vj

vj : (1.19)
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The following proposition is very important and easy to prove.

Proposition 1.4 Let H be a Hilbert space and letfvk ; k 2 Zg be anorthonormal
sequence, i.e. suppose thatvk ? vj for k ¤ j and thatkvkk D 1 for all k. Let
M D sp.fvk ; k 2 Zg/. Then:
(1) If v 2 M ,

v D
1X

kD�1
.v � vk/vk ; kvk2 D

1X

kD�1
.v � vk/2: (1.20)

The first equality (1.20) and the coefficientsv � vk are called the Fourier expansion
and the Fourier coefficients ofv respectively. Ifv andw have the same Fourier
expansion thenv D w.
(2) If v andw belong toM ,

v � w D
1X

kD�1
.v � vk/.w � vk/: (1.21)

(3) If fck ; k 2 Zg is a sequence of complex numbers such that
P1

kD�1 jck j2 <

1; then
Pm

kD�m ckvk converges. Callingz the limit, ck D z � vk , so that

z D
1X

kD�1
ckvk

coincides with the expansion (1.20) forz.

PROOF. Sincev 2 M , v D Proj.vjM / (see Observation 1.12), so that the first
equality in (1.20) is a consequence of (1.19). The second equality follows from
orthonormality of the vectorsvk and the continuity of the norm (Proposition 1.1).
If v andw have the same Fourier expansions they are limits of the same sequence of
partial sums and are therefore equal. Continuity of the inner product (Proposition
1.1) implies that

v�w D lim
m!1

 
mX

kD�m

.v � vk/vk

! 
mX

kD�m

.w � vk/vk

!
D lim

m!1

mX

kD�m

.v�vk/.w�vk/:

Statement (2) follows. For (3), observe that the Cauchy condition for the sequencePm
kD�m ckvk is identical to the Cauchy condition for the sequence

Pm
kD�m c2

k
,

which is convergent by assumption. Moreover, using again continuity of the inner
product,

z � vk D lim
m!1

mX

hD�m

Œ.chvh/ � vk � D ck : (1.22)
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Observation 1.14 If H D L2.Œ0 1�/ then (1.22) takes the form

Z 1

0

" 1X

hD�1
chvh.x/

#
vk.x/dx D

1X

hD�1

Z 1

0

chvh.x/vk.x/dx D ck :

More in general, given the sequencefn 2 L2.Œ0 1�/, for n 2 Z, suppose that in
mean-square limm!1

Pm
hD�m fk D f , i.e.

f D
1X

hD�1
fh:

Then, continuity of the inner product implies

Z 1

0

" 1X

hD�1
fh.x/

#
g.x/dx D

1X

hD�1

Z 1

0

fh.x/g.x/dx;

for any g 2 L2.Œ0 1�/. In particular, takingg D 1 (which belongs toL2.Œ0 1�/

because the measure ofŒ0 1� is finite),

Z 1

0

1X

hD�1
fh.x/dx D

1X

hD�1

Z 1

0

fh.x/dx:

The reader should keep in mind that this term-by-term integration is possible be-
cause the series

P
fh converges in mean square, and because the measure of˝

is finite. Term-by-term integration is also possible if
Pm

hD�m fh converges al-
most everywhere andj

Pm
hD�m fhj � M for all m (this is a particular case of the

Lebesgue bounded convergence theorem), whereas convergence a.e. alone does
not ensure term-by-term integration, as the following example shows:

gh.x/ D
(

0 if 0 � x � 1 � 1=h or x D 1

sh if 1 � 1=h < x < 0

wheresh is a monotonically increasing sequence. Then setfh D 0 for h � 0,
f1 D g1 andfh D gh � gh�1 for h > 1, so that

Pm
hD�m fh D gm. We have:

Z 1

0

mX

hD�m

fh.x/dx D
Z 1

0

gm.x/dx D sm=m;

whose limit can be zero, a positive number orC1, althoughgm converges to zero
everywhere. Note the symmetry between this example and Example 1.9. In that
case convergence of an integral does not imply even the weaker pointwise conver-
gence, here convergence everywhere does not ensure convergence of an integral.
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Exercise 1.17Assume that the sequencefn andf belong toL2.Œ0 1�/ and thatfn

converges tof uniformly. Prove thatfn converges tof in mean square. Would
this result hold inL2.R/ ?

Exercise 1.18 Assume that the vectors of the familyfvj ; j 2 Ng are mutually
orthogonal and that there exists a positive real� such thatjjvj jj � � for all j .
Givenv 2 H , define the coefficientsaj as in (1.18), i.e.aj D v � vj =jjvj jj2. Prove
that

lim
j!1

aj D 0 (1.23)

(use the argument used to prove the first part of Proposition 1.4 to show thatP
a2

j < 1/. Obviously for a bilateral sequence we have

lim
jj j!1

aj D 0: (1.24)

In particular, the Fourier coefficients converge to zero asjj j ! 1.

Part of Proposition 1.4 can be restated as follows:

Proposition 1.5 Under the assumptions of Proposition 1.4, the map˚ W M !
l2.�1; 1/ defined as

v ! fv � vk ; k 2 Zg;

i.e. mapping each vector ofM to the sequence of its Fourier coefficients, is an
isomorphism, namely (1)̊ .v C w/ D H.v/ C H.w/, (2) ˚.av/ D a˚.v/, (3) if
v ¤ w then˚.v/ ¤ ˚.w/, (4) for eacha 2 l2.�1; 1/ there existsv 2 M

such thatH˚.v/ D a, (5) ˚.v/ � ˚.w/ D v � w. Obviously (5) implies that (6)
k˚.v/k D kvk. Lastly, (6) implies that ifvn ! v then˚.vn/ ! ˚.v/, i.e. that (7)
˚ is continuous.

Summary. Weakly stationary stochastic processes are best analyzed (as we will
see) within the vector spaceL2.˝;F ; P/. The latter is endowed with an inner
product, a norm and a distance. It shares many properties of the Euclidean space
Rn, but is in general infinite dimensional. We have given examples in which intu-
ition based onRn fails to generalize to infinite-dimensional spaces. In particular,
completeness, which is an elementary property ofRn, holds forL2.˝;F ; P/ (we
have not given this proof), but not for all its vector subspaces (it holds only for
closed subspaces). We have proved the orthogonal projection theorem for Hilbert
spaces, which include spacesL2.˝;F ; P/, stating that there exists a (unique) or-
thogonal projection of a vectorv on a closed subspaceS . Lastly, if S is generated
by a sequence of orthogonal vectors, the orthogonal projection takes the form of a
series.


